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Comment on “Theory of Thin ov/or = —gradp + (1/A9] X e, (2
Airfoils in Magnetoaerodynamics” roth = J = Je; = Ru(Er + e X h +v Xe) (3)

tE; = 0 A 4

Pavr GREENBERG™ ro. ' @

Unawversity of London Goldsmiths’ College, divh = 0 (5)

London, England

N a paper! examining the motion of a compressible fluid
with arbitrary finite electrical conductivity in the presence
of a thin airfoil, the author derived the equations

1 — M»Hou/ox + w0y = M2%/A?
/or — du/oy = w

where £ and w represent, respectively, the “curl” of the
magnetic and velocity fields.. The solution is taken in the
form of the general solution of the homogeneous system
added to a particular solution of the nonhomogeneous system.
This procedure leads to three equations (4.4, 5.4, and 6.12)
for two funetions.

These three equations are inconsistent. The error occurs
in that £ and w are not independent functions but are related
to » and v through the magnetoaerodynamic equations (2.4~
2.8).
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Reply by Author to P. Greenberg

Lazar Dracos*
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OLLOWING the objection of P. Greenberg that in our

paper! we have obtained three equations (4.4, 5.4, 6.12)

for two functions and since these equations are inconsistent,

we present a new solution of the problem—based essentially

on the idea of the first paper—which shows that the error
indicated does not exist.

It is shown in particular that the two functions ¢ and ¢
must vanish. Accordingly the three equations (4.4, 5.4,
6.12) can exist. Besides, if in Ref. 1 the complete reasoning
had been made, it would have resulted that the two functions
must vanish. «

Under the conditions as in Ref. 1 and using almost the
same notations we have to integrate the following system,

M2@p/ox) + divy = 0 )
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Since the motion is a plane one from (3) and (4), there re-
sults E; = 0.
From (3) we deduce the equation of magnetic induction .

0? o?

ov
R, -1 8w i =<2 <
YRR ] > + e divv A S + o

ox ©)

By applying the operator rot in Eq. (2) we get

Ow/0z = (1/4%)(2J/0y) )

By derivation with respect to the variable z of Eq. (2) and
using Eq. (1), we eliminate the pressure. By applying then
the operator div to the equation found, we have

o2 o2 M2 2%
= _ 2y — — = —F T
He [(1 M?) o + by{l 6 AT gt (8)
Finally, applying the operator rot in Eq. (6) we obtain
o) dw a7}
= —IA — = = 2% %
PJ (RM A Dx> J oy + o 9
We have used the following notations:
dive = 6 rotv = we; 10)
From Eqgs. (7-9) we have
T = Tw=TJ =0 an
where T is the operator
T —_ N*IAHE + (AZMZ — A2 — M?) E —_
ox oxt
! o4
2 J 2 —
(A2 M2 = 1) s (1)

with the following notation
Rf\l = AZN (13)

N being the parameter of the magnetohydrodynamic inter-
action.

The fact that the three unknowns 6, w, and J satisfy the
same equation (11) is of a particular importance for deter-
mining the solution of the problem.

We shall look for the general solution of Eq. (11) under
the form of a continuous superposition of plane waves of the
form

exp[—iNz + sy)] (14)
By replacing in (11) and (12) we get
ast — b2 +¢=0 (15)

where
a=1— (I\/N)
b= A4+ M2 — 1 — (IN/N)(M2 — 2) =
by — (EN/N)b:y (16)
¢ = A2M? — A? — M? — (IN/N)1 — M?) =
¢ — (NN
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The roots of Eq. (15) are complex and have the imagi-
nary part different from 0. If this assertion were true, it
would result that the equation

alR +i)*—bR +:iD2+c=20 an

would have at least one real root. It may be deduced that
the equations

R4 —_ b1R2 + ¢ — 0 R4 —b2R2 “I‘ C = 0 (18)

would have a common real root. However the second
equation of (18), which corresponds in fact to the 5th-order
terms in the expression of the operator 7T, may be easily
solved. Its only real roots are B = =(M?2 — 1)¥2 M > 1.
It may be easily verified that these roots cannot be also the
roots of the first equation (18).

Since Eq. (15) is biquadratic, it has two distinet roots
with positive imaginary part (denoted below by s and s,)
and two roots (—s; and —s») with negative imaginary part.

Taking into account that the perturbations must vanish
for y = £ o, there results that in the upper half-plane (y >
0) we have waves of the form

exp[—iNz — sg)]  (19)
and in the lower half-plane (y < 0) we have waves of the form
exp[—i\(z + 8] exp[—ii(z + )] (20)

The general solution of Eq. (11) may be written as

(@, y) = f:r: hZE , B (N)eThsky g =z g\ (21)

exp[—ih(z — s)]

w:}:(x, y) = f_‘|‘°:° § Zl \ (:)]ﬂ:t()\)e:‘:’i)\sky e~z g\ (22)

e = [

—®

jki()\)e:l:-i)\sky e~z g\ (23)
k=1,2

The first & sign indicates the solution valid in the upper
half-plane, and the second one the solution valid in the lower
half-plane. The twelve functions of A that intervene in the
representation of the general solution (21-23) are to be de-
termined from the motion equations and the boundary
conditions. We must also impose the condition that the
solution (21-23) should verify the motion equations since
Eqs. (11) were obtained from the motion equations by
derivations.

By imposing condition (7) we get

Az(;)l:t =+ S1j1i. _

— — g LMy (s2—s1) 24
A2y £ $ofoy @)

Since Eq. (24) must be verified for an arbitrary y and since
the roots s; and s, are distinet, we have

A%, = FsuJiy k=1,2 (25)
In a similar manner from Eq. (8) we deduce
A1 — M? 4 80 = M2

and from (9) we get

ék:]: + surg. = — [1 4+ IANRx~(1 + 8792)]‘7’“:!:

kF=1,2 (26

k=12
(27)

Equations (25) and (26) will determine the functions @.(\)
and 8. (\) with the aid of the functions Ji (). It may be
easily verified that Eq. (27) is a consequence of Eqgs. (25,
26, and 15).

The velocity field may be determined from (10). We have

u = up + (Op/0z) v =vp + Qe/Oy) (28)
A =0 (29)
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+ ) )
up(x, y) = f akd:eimsky e~z g\
% k=12
(30)
+w . )
UP(JB, y) = f ljkﬂ:e:i:z)\sky e~z g\
T p=1,2

where

—’L>\(1 -+ s;ﬁ)a;& = 510:[. =+ skc—ok:t

i (31)
—IAN1 - s D)Vrp = Ory = 8By,
or, taking account of (25), (26),
’L)\Az(l — M2 + SkZ)aki = (8};2 - 11/[2)jki
(317

INAL(L — M2+ )iy = E8uf iy
Here and in the following the subsecript, k assumes values 1 and
2.
In a similar manner the magnetic field is determined from
Eqgs. (3) and (5). Wehave

h: = hep + (0¥/01) hy = hyp 4 (Q¥/0y) (32)

Ay =0 (33)

hp(, y) = f+°° 3 horgeENRy g =i )
% k=12
(34

hyP(.’l?, y) = f+°° Z }_Lyk:}:eii)\sky e~z g\
% k=12

with the notations

—7:)\(1 + 8k2)7bzki = iS‘kaj:
) (85
—l>\(1 + Sk2)hylb_{: = J":l:

Equations (26, 31, 31’, and 35) as well as all those given.
henceforth impose the conditions s> + 1 = 0 and s* +
1 — M? = 0. It may be easily verified that these condi-
tions are satisfied if M s 0 and A s 0, which is assumed in
the present paper. There results that the previous solution
cannot be adopted to the case of the incompressible fluid
(M =0).

A second observation to be made refers to the damping
condition at infinity. We must have

im (u, v, hey hy) =0 (36)
| XI—=>w»

However, taking account of the fact that us, vp, hzp, hyp are
represented with the aid of integrals of Fourier type, on the-
basis of Lebesque’s theorem [2] we have

lim (up, vp, hop, hyp) = 0 (87
I X|—>e

Hence from (28) and (32) there results

lim (0¢/0z, d¢/dy, OY/0z, 0Y/Ay) = 0 (38)
X[

We impose the condition that the solution found should
verify the equation of the magnetic induction (6). We ob-
tain

oy ox

0 [d¢ OIP) 0 <3<P oy
< Y

By using condition (38) there results

O _ % ,
oy Oz 40

By imposing Ohm’s law (3),
J = Ru(u + hy) (3%
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and using also the representation of the general solution, we
get

Op/0r = —(0¥/0y) (41)

Conditions (40) and (41) show that the functions ¥ and ¢
are harmonically conjugated.

On projecting Eq. (2) on the axes of the reference system,
we obtain

©u/o2) + @p/oz) = —(1/AN]  @u/ow) + ©z/dy) =0
29
From (1) and the first equation (2’), we deduce
(1 — M*)(0u/or) + (dv/0y) = (M*/AHJ 1
Taking account of (28, 23, 31/, and 35), we obtain
(1 — M%) (0*¢/0x?) 4 (d*¢/0y?) = 0

Since the function ¢ is also a harmonic one (29), there re-
sults

02p/0x2 = O2¢/Qy? = 0

By using the damping condition (38), we deduce

dp/0r = dp/Oy =0 (42)
and from (40) and (41) we get
oY /ox = QY /oy = 0 (43)

The results (42) and (43) demonstrate the assertion made
in the introductory part in conjunction with the fact that
equations (4.4., 5.4, 6.12) given in Ref. 1 can subsist.

Finally, from Egs. (2'), we deduce the pressure

_ + Jkﬂ:
pi:(x: y) - f—oo k=21,2 ’L)\A2(1 _ M2 + Skz) X
ed:i)\sky e—i)\x d>\ (44)
In deducing this result we have also used Lebesque’s theorem

as well as the fact that p(— =, y) = 0, as it results from Eq.
{1.11) in Ref. 1. On the basis of condition (50), we have

plz, y) = —pla, —p) (44")

‘We have seen that in the representation of the general
solution (21-23), four functions are still to be determined.
This will be made from the boundary conditions

v(z, £0) = Y'(z) xze[—1, 1] (45)

as well as from the conditions insuring the continuity of the
magnetic field

h:(x; +0) - hz(xy _0) =0 Vo
(46)
hy(z, +0) — hy(x, —0) =0 vz

Taking account of (34) and (35), from (46) we deduce

S - - 8o - -
T et i e+ ) =0 4D
—1—(J‘ —J)+#(J —J.) =0 (48)
1 + 812 o - 1 + 822 2,+ == (

On the other hand (45) implies
v(z, +0) — v(z, —0) = 0 Yz (45")
whence with the aid of (30) and (31’) we deduce

s - -
Toar e e T

Sy

1—_—[1/[_2—_[‘_822 <J2+ + J2_) =0 (49)
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System (47) and (49) is homogeneous and has the deter-
minant different from zero. Hence,

, Jiop = —Ji (50)
From (48) we get
A+ sADJor + 1 + 80T = 0 (48"

which shows that only one function J remains unknown.
It will be determined from condition (45) in which we take
account of (28) and (30).

We obtain the following integral equation:

f_“L: F(e=™ d\ = Y'(2), ze[—1,1] 1)
where we have used the notations
. FON = fGNT1: (V)
JGN) = 5 X (52)
|:sl(1 + a1 — M2+ 82 — (1 + 851 — M2+ 52
14+ s — M2 4 )1 — M2+ 8%
Considering now that s; are the roots of Eq. (15), we have
Pr= (1+ )1 + 8% = A2 — @N/N)]

Py=(1— M+ )1 — M2+ 52 = (53)
—M?[1 — (GN/N)]

These results make it possible to express the function f(Z\)
with the aid of the coefficients a, b, c. This funetion becomes
thus known and different from zero. From (51), by im-
posing the condition that the integrand be real, there also
results Ji (\) = Ji (—\).

We have? the relation

e
n!

n=0

(54)

where H,(z) are Hermite’s polynomials. If in (54) we put
2t = —ix,z = \, we obtain

. hd 1\» a»
—iNT — ) = — (x2/4) 4
e Z_: (21,> py H.(Ne (54")
n=0
Since Hermite’s polynomials form a complete system in
the interval (— o, 4 =), the solution of Eq. (51) may be
represented as follows:

FO\) = i A Ho(Ne= (55)

m=0

where we have introduced the factor exp(—A\?) in order to
improve the series convergence. We introduce the expres-
sions (54') and (55) in the integral equation (51)!and take
into account the relations?:

S ) Haoe dx = {0’ fm = n (56)

2npiiopt if m = n
In this manner we get
x2

nj:;g Aam = o2 (3) exp< 4>,xe(—1, 67

By assuming that the function Y (z) is analytical we ob-
tain

A, = @/nixt)(dr/de) [V (2) expe?/4) oo (58)

The method just presented permits the extending of the re-

sults to the case in which the equation of the upper surface

of the airfoil is not the same as that of the lower surface.
Accordingly, we assume that

Ye = Yi(x)z xe[_ly 1] (59)
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In this case condition (43") is replaced by

o(z, +0) — o(z, —0) = ﬁ(([)?/i/f(gjc)e](’—if off[:%),éil, =y @0

where we have denoted
Y@®)] =Y @ — Y. ' (@ (61)

Taking into consideration (30) and (31") and reversing the
Fourier type integral which appears here, we deduce

81 - - Sg - -
T W + J1) + TP T s oy + o) =

% f _+11 [V'(2)]e™ dz = T(\)  (62)

From (47) and (62) we obtain

j1+ + J1_ = '—[1/81(1 + 822)] X

[PAPoL (N)/M*(si* — 87)]
- - (63)
Jor + Jo = [/l + s [PAPAL(N)/M¥(s:* — 87)]

P, and P, being the products defined in (53). Further, the
solution of the problem may be simply obtained.

The previous method also permits the consideration of the
problem of surface currents whose solution may be thus
readily obtained.
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A Comment on Hypersonic Viscous
Interaction Theory

Wiriam B. Buse*® anp Artour K. Crosst
University of Southern California,
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EW formulations of the hypersonic weak interaction
theory (HWIT) and the hypersonic strong interaction
theory (HSIT) for the case of uniform flow past a flat plate
have been reported recently by the authors.:? The char-
acteristics of the boundary layers associated with such
HWIT and HSIT flows are summarized and comparisons of
these characteristics with those of “classical”’ compressible
boundary layers are made. The definition of the boundary-
layer outer-edge mass flow function, pe., in such hypersonic
viseous interaction problems is examined.
The HWIT and HSIT flows considered are defined, in
part, following Van Dyke,® by the criteria

M>1 71 K=»Mr«l1 (HWIT)
(1a)
M>1 rx1 K=Mr>»1 (HSIT)

where M = freestream Mach number, + = nondimensional
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thickness parameter of the viscous boundary layer. Further,
as is pointed out in Ref. 3 and elsewhere, these criteria for the
theories may be expressed more formally as:

M— T —0 K=Mr—0 (HWIT)
(1b)
M- w 7—0 K=Mr—-« (HSIT)

For L = characteristic length chosen so that (z/L) =
0(1) in the region where the particular theory (HWIT or
HSIT) is valid, and 9., T., Pe, p» = the velocity in the 2
direction, temperature, pressure, and density, respectively,
in the undisturbed region upstream of the flat plate, the ap-
propriate HWIT and HSIT representations for the variables
in the viscous boundary layers are:

(®/L) = a1 (/L) = rysz

(u/teo) = UL + ... ®/Ue) = TUBL + . ..

®/ps) = 1+ (M)psr, + ... (2a)
(T/Te) = (MHT5z + ...

(o/p=) = 1/ M¥psr + ... (HWIT)
(@/L) = =z w/L) = Tysz

(u/uw) = usr + ... (®/tUe) = TVRL + ...

®/p=) = (M*9ppr + ... (2b)
T/T.) = MHTe + ...

(0/pe) = (Hppr + ... (HSIT)

With these representations, for a perfect gas having con-
stant specific heats, a constant Prandtl number, o, of order
unity, and a viscosity coefficient obeying the law (u/u.) =
(T/T.)e, the leading terms in the equations of motion for the
viscous boundary layers for hypersonic (M — ), high
Reynolds number (Br = pottel/p. — ) flows past a flat
plate are:

OrsL
prL/dyBL =0 i.e.pBL = BL(xBL) (3b)

0 0 1
PBL (’MBL # + vsL uBL) + Zew <——> prL =
TBL

0 0
—— (psrusr) + Y (ppvez) = 0 (3a)
YBL

Oysr v/ Ozs
e} ® OuUsL
A—|T 3
OYzr < BE ayBL> (80)
oT oT —1
PBL (uBL 2L + v51 BL) — Zsw (L Upr X
20ZRL 20y 5L Y

prL 1 a P aTBL
A= (r
OTrL {U OYsL ( BE bysL) +

(v — DT (gZ)} 3d)

with
pBLTBL =1 st =0
24
A= ——— =0(1) (HWIT)
Ry
€Y
perTsr = PrL Zw =1
MZw
A= Rt o) (HSIT)

The appropriate boundary econditions for the flow variables
of these boundary layers (for both hypersonic interaction
regimes) are (1) at the sharply defined* outer edge,f yzz —

1 Although Refs. 1 and 2 are not in total agreement with
Stewartson’s formulations of the HWIT and HSIT for flows
past a flat plate,? there is complete agreement that, for both
the HWIT and HSIT, the outer edges of the boundary layers
are sharply defined.



